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We consider gravity in three dimensions with an arbitrary number of curvature corrections. We 
show that such corrections are always functions of only three independent curvature invariants. 
Demanding the existence of a holographic c-theorem we show how to fix the coefficients in the action 
for an arbitrarily high order, recovering the new massive gravity lagrangian at quadratic order. We 
calculate the central charge c and show that using Cardy's formula it matches the entropy of black 
hole solutions, which we construct. We also consider fluctuations about an AdS background, and 
find that it is possible to obtain two derivative equations by imposing a single constraint, thereby 
lifting the pathologic massive modes of new massive gravity. If we do not impose this, there is a 
set of ghosty massive modes propagating in the bulk. However, at c = these become massless and 
it is expected that these theories encode the dynamics of the spin two sector of strongly coupled 
logarithmic CFT's. 
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New massive gravity (NMG) [l|,l2| is a theory of gravity 
in three dimensions with curvature squared corrections, 
which has been the object of much attention recently [3- 
Q. The theory is equivalent at the linearized level to a 
massive spin-2 Pauli-Fierz theory. The theory is unitary 
in flat-space, but in AdS space the either the massless 
or massive graviton modes behave like ghosts [y]. This 
theory has been recently shown to support a version of 
the holographic c-theorem ML and that is has cubic and 
quartic curvature analogues Q. Inspired by this result, in 
this letter we construct extensions of new massive gravity 
involving an arbitrary number of curvatures, by requiring 
that the holographic c-theorem holds. 



I. HIGHER DERIVATIVE ACTIONS 



The gravitational action for NMG is given by [l[ 



where we have defined Rab — Rat ~ gabR/i, the trace- 
less part of the Ricci tensor. We would like to general- 
ize this action by including higher number of curvatures. 
Since we are in three dimensions, the curvature tensor 
can be written in terms of the Ricci tensor and scalar, 
so we only need to worry about these. Start by defining 

{Unfa = R''j,R%...R^r\ and its trace TZn = (7^„)a■ 
An arbitrary curvature invariant of a given order can be 
conveniently written in terms of integer partitions. This 
can be done by establishing the dictionnary 
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A given invariant then maps to an integer partition, and 
vice-versa. In this way it is possible to construct all pos- 



sible invariants at a given order with ease. For instance, 
at order 4 we have the partitions/invariants: 



1 + 1 + 1 


^ i?* 


1 + 1 + 2 ^ R^n2 


2 + 2 - 


^ {1^2? 


1 + 3 


^ RUs 


4 - 


^ 7^4. 
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Since we are in three dimensions, there are Schouten 
identities linking different invariants of a given order. 
Such identities can occur because of hidden antisym- 
metrizations over four indices. For instance, at quartic 
order we get: 



- s.i^'^T^MR^MtR^' = 7^4 - ^ (7^2)' , (2) 
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SO that 7?.4 is not an independent invariant. Similarly, we 
can find 
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Such identities are easily found with the help of a com- 
puter algebra package [9j. Noticing that {TZn+i)a = 
R^(TZn)cj the above show that there are no independent 
TZn curvature invariants beyond n — 3. Therefore, at a 
given order n it is sufficient to consider invariants given 
by the integer partitions of n into 1,2,3. The number of 
such invariants grows like n^. 

With these results, we can say that the most generic 
higher curvature theory without derivatives of curvatures 
has an action given by 



s = IJd'xv^ {^+72 +Y.^)kR\T^2y{T^3 
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for some arbitrary constants h^-f^. 



(4) 



II. CONSTRAINTS 

We would now like to constraint the undetermined co- 
efScients in the action such that the theory has nice prop- 
erties. In particular, we would like for the theory to ex- 
hibit a holographic version of the c-theorem. We con- 
sider then adding a matter sector to the action above, 
and looking for solutions of the form 

ds^=dr^+e^''^'-\-dt^+dx^). (5) 

With this background the basic invariants evaluate to 



4 ( A" + I A' 
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7^2 - l{A"r, 7^3 = -^(A")^ 



(6) 



Plugging these results into the action leads to a compli- 
cated expression which generically involves higher powers 
of A"{r). We would like to impose that the equation of 
motion for A{r) is two derivative at most. This will give 
constraints on the various coefficients in the action, for 
every order M. At a given order M, consider the la- 
grangian density 



jrW = g 



^jfc 



(-4)^ 



pi^'(7^2F■(7^2 
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where the " indicates a sum constrained hy i + 2j + 3fc = 
n. Using the expressions (jH]) it is easy to see that the 
coefficient of (A")" in the above is given by X^c^ , and 
so we must demand that this should be zero. Similarly, 
one finds that the coefficient of (A")"^'' is given by 



E 



<-jk- 
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Finally, we fix the overall coefficient of the lagrangian by 
choosing the rescaling 



*^oo — ^ -^^^1 — '^^ 



4(_l)"+i /2^ "~^ 



2n-3 
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Overall, we are imposing n constraints on the various co- 
efficients c*j,. Solving the above constraints corresponds 
to solving a linear system, which can be easily achieved. 
Since the number of invariants grows as n^, there will 
be a large degeneracy at higher orders. To see why this 
is so, notice that already at n = 6 the number of con- 
straints is smaller then the number of parameters, and 
not all coefficients will be fixed. This corresponds to the 
fact that exchanging {TZ2)^ — >■ (T^-s)^ does not affect the 
constraints. 

So far, our discussion has been completely general. It 
is however useful to discuss some concrete examples to 
clarify. Let us start first with NMG theory itself. At 
quadratic order there are only two independent invari- 
ants. The quadratic lagrangian density evaluates to 



C^^^^cloiA" + 3A'/2f + c%{A") 



l/\2 
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The constraints are c?,, 
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Therefore the quadratic lagrangian becomes 



1 



C = 4A2 I 7^2 - —R 



(11) 



as required. It is also easy to see that the cubic and 
quartic cases lead to the same results as were found in 
IS]. The first new example consists of the quintic the- 
ory. There are A/jj — 5 independent invariants, namely 
R^,R^TZ2,R'^'}l3, R {712)^,712113. The constraints for this 
theory correspond to solving the linear system 



fi llll^^ 

5 3 2 10 
10 3 1 
10 1 

5 0000/ 



V 



/4o\ 

■A 



'-■10 
"-Ol 
'-20 



/ ' \ 



\4J 



fl2) 



VsAsAAs/ 



This can be easily solved, leading to the lagrangian 
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We shall shortly see that this theory, along with all oth- 
ers constrained in this fashion, satisfies a holographic c- 
theorem. To summarize, to construct the n-th order la- 
grangian one proceeds in two steps. Firstly, construct 
all independent invariants at that order, by using the 
equivalence with partitions of n. Once the invariants 
are known, one solves the system of equations E] for the 
various coefficient c'j,. This is a completely algebraic, al- 
gorithmic procedure, which does not require knowledge 
of the metric or the evaluation of invariants. In this way 
it is straightforward to build arbitrarily high order la- 
grangians with the assistance of a computer. 



III. ADS VACUA AND HOLOGRAPHIC 
c-THEOREM 

Once all constraints are imposed, the generic la- 
grangian evaluated on the background ([S]) becomes 



La 



„2A 



E^..^^x 



2ri-3 



n{A'y'^-^A" + -{A') 



l\2n 



(14) 



The equation of motion for A is then 

^(-1)"A„P')'" + n{A'f'^-^A"] = (15) 

n 

Generically the presence of a matter sector will add a 
source term to the right hand side. Setting first A{r) ~ 



r^ fool L, which corresponds to an AdS^ background, we 
obtain (with Ao = Ai = 1): 



1 - /oo + A2/00 - A3/0C + 



0. 



The AdSz vacuum has effective radius L^ — L"^ / foo, with 
/oo satisfying the above relation. 

Now consider the presence of a matter sector. The 
equation of motion above should now have some combi- 
nation of components of the stress tensor on the right- 
hand side. That is, the equation above consists of some 
combination of components of Einsteins equations. 

We are interested in the difference between the rr and 
tt equations of motion, since these satisfy 



(EOM|; - EOM|*) = Tl - t;. 



(17) 



Here Tab is the matter stress tensor, and by the null en- 
ergy condition the RHS in the above should be smaller 
than zero. After some work it can be shown that the 
above becomes: 

^(-1)" n A„ {A'f'^-^A" = Tl - t;. (18) 

n 

Define now the central charge function 



c{r) 
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lpJ±' 



ill^r.{-ir^AA'r 
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Then it is easy to show using the equation of motion that 
c!{r) is proportional to T^ — T^, and therefore it is always 
positive if the null energy condition applies. Therefore, 
c{r) satisfies a version of the holographic c-theorem ]7\ , 
now generalized for an arbitrarily high curvature gravity 
theory. In the AdSs background c is given by 



=w = s - rE^"(-i) 



2n-3 



J O 



^(l + 2/ooA2-/^A3 
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By evaluating our full action in a particular background 
, it is possible to find the Weyl anomaly for our theory 
and check that it gives exactly the result above. 



IV. BLACK HOLE SOLUTIONS AND ENTROPY 

In this section we consider black hole solutions. Our 
ansatz is given by 



ds^^ 



L^du^ 



4w2/(m) ' uL^ V /« 



-dt'^ + dx' 
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The AdS-i boundary is now located at w = 0. The above 
is a solution provided that 



f(u)^f^{l-u) 



(22) 



with /oo satisfying P^ . The background has a temper- 



ature T = -^ 

tLL 



(16) 



Now let us compute the entropy using Wald's formula 



S^TT 



SL 



'SR" 
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The tensor Rab is proportional to f"{u), and therefore 
vanishes in this background. Therefore in computing the 
entropy only invariants of the form R^ contribute. Using 
that R — — 6/oo/i^, the lagrangian must necessarily be 
of the same form as (HH) with A" = 0, A' = ^/J^. Then 
we get 



dL 
dR 

^S = 



1 OLa 



6/00 9/0 
n^T dL 



A'=VU 



= 27r^Tc 



(24) 



as expected for a two-dimensional GET with central 
charge c. 



V. PERTURBATIONS 

Consider once again the AdS^ solution ([S]) with A{r) — 
fy/foo, and /oo satisfying p^ . and consider adding a 
perturbation of the form gab -^ gab + nhab to the met- 
ric. Imposing traceless transverse gauge, we find after a 
straightforward calculation the equation of motion satis- 
fied by the perturbation: 



c|V^ + ^ 



2L^j ( V^ ■ ^^' 



with 
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By setting 7 to zero we can make the equations two 
derivative. Of course this is only true around the spe- 
cial AdS'i background. The kinetic term of the graviton 
is then controlled by the sign of c in such a way that the 
dual GET is unitary when there is unitarity in the bulk. 
Keeping 7 non-zero we can recast the equation of motion 
as 



2/00 
i2 



2/0 



i2 2X2^ 



hab 



0, (27) 



We see that there are now a new set of massive modes. 
Requiring that these massive modes do not break the 
AdSs type asymptotics leads to the constraint c/7 < 0. 
However, this does not guarantee that these modes pre- 
serve unitarity. Indeed, it is straightforward to perforin 
the analysis of jq] for our generalized theory. One then 
finds that the massless (massive) states have energies pro- 
portional to c (— c). Therefore, at least one set of states 
always behaves as a ghost for non-zero 7. 



VI. DISCUSSION 

In this letter we have shown how to construct an in- 
finite class of higher derivative gravity theories. Notice 
that somewhat similar theories to the ones constructed 
here have appeared recently in the literature, but in 
higher dimensions [Ill4l4| . By imposing suitable con- 
straints on the parameters of the lagrangian we have 
found that it is possible to define a holographic version 
of the c-theorem, and that the central charge so obtained 
is consistent with a calculation of entropy in a black hole 
background. Generically this isn't sufficient to fix all pa- 
rameters. In particular, degeneracies will occur by the 
fact that the constraints cannot distinguish between 7?.2 
andTZJ. 



The structure of these theories is intriguing. Higher 
curvature terms encode information on the n-point func- 
tions of the dual stress-tensor. In particular terms of the 
form i?" control the size of the AdS space, and R""1Z2 
type terms control the linearized perturbation equation 
of motion. From a holographic perspective the latter are 
responsible for the non-trivial contributions to the two 
point function, i.e. to the appearance of massive states, 
as can be seen by the contributions to 7 in (|26p . Analo- 
gously, RPTZ^ should give non-trivial contributions to the 
three-point function. In general, n-point stress tensor 
correlators would receive non-trivial contributions from 



TZn type terms in the action, but as we've seen these 
can always be recast as products of R,TZ2,Tl3. This is 
suggestive of the fact that in a two-dimensional CFT, 
the n-point functions of the stress-tensor are completely 
determined by the 2 and 3 point functions. 

We have found that by imposing the simple constraint 
7 = we get an infinite family of theories with two- 
derivative equations for linearized perturbations. In this 
situation there are no ghosty massive modes in the bulk, 
and both the gravity theory and dual conformal field the- 
ories are unitary by demanding that the central charge 
c is positive. This provides us with an infinite set of 
seemingly consistent toy models for quantum gravity in 
three-dimensions. Parameters in the lagrangian encode 
n-point functions of the stress-tensor which are kept fi- 
nite in the supergravity limit, unlike for instance what 
happens with A^ = 4 super Yang-Mills and its Type IIB 
supergravity dual. 

For 7 non zero, there are massive states propagating in 
the bulk, but which are ghosty, as in the original NMG 
theory. In this case it has been argued that the at the 
particular point c = the bulk theory can still be used to 
describe a logarithmic conformal field theory [15l - (l7| . It 
would be interesting to compute the structure of the two 
point function and three point function in more detail, 
and in particular at the critical point c — 0, along the 
lines of [l^ [ig|. We leave this and other questions for 
future work. 
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